OPEN GROMOV-WITTEN INVARIANTS AND SEIDEL 
REPRESENTATIONS FOR TORIC MANIFOLDS 
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Abstract. Let X be a compact toric manifold whose anti-canonical divisor —Kx is numer- 
ically effective. Let L C X be a regular fiber of the moment map of the torus action on X. 
Fukaya-Oh-Ohta-Ono [H] defined open Gromov-Witten invariants of X as virtual counts of 
holomorphic discs with Lagrangian boundary condition L. We prove a formula for such open 
Gromov-Witten invariants which equates them with closed Gromov-Witten invariants of cer- 
tain X-bundles over that appear in the construction of the Seidel representations [321 133 
for X. We apply this formula and properties of Seidel representations to explicitly calculate 
all these open Gromov-Witten invariants. This yields a formula for the disc potential of X, 
and a description of the inverse of the ring isomorphism of Fukaya-Oh-Ohta-Ono [11, . 
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1. Introduction 

1.1. Statements of results. Let X be a complex n-dimensional compact toric manifold 
equipped with a toric Kahler form u. X admits a Hamiltonian action by a complex torus 
Tc — (C*)". Let L C X be a regular fiber of the associated moment map. Then L is 
diffeomorphic to (5"^)" and is a Lagrangian submanifold of X. We will refer to it as a 
Lagrangian torus fiber. Let /3 G vr2(X, L) be a relative homotopy class represented by a disc 
bounded by L. In [13], Fukaya-Oh-Ohta-Ono defined the genus-zero open Gromov-Witten 
invariant ni{/3) e Q as a virtual count of holomorphic discs in X bounded by L representing 



the class /3. The precise definition of is reviewed in Definition 2.1 Genus-zero open 

Gromov-Witten invariants assemble to a generating function W^^ called the disc potential, 
see Definition 12.41 

The disc potential W^^ plays a fundamental role in the symplectic geometry of the toric 
manifold X. It was used by Fukaya-Oh-Ono-Ohta [m US |TT] to detect non-displaceable 
Lagrangian torus fibers in X. Moreover, the A^o algebra, which encodes all symplectic infor- 
mation of a Lagrangian torus fiber, is determined by W^^ by taking its derivatives. In an 
upcoming work of Abouzaid-Fukaya-Oh-Ohta-Ono, it is shown that the Fukaya category of 
X is indeed generated by Lagrangian torus fibers. As a consequence, W^^ completely deter- 
mines the Fukaya category of X. W^^ is also important in the study of mirror symmetry for 
toric manifolds because it serves as the Landau-Ginzburg mirror of X and its Jacobian ring 
determines the quantum cohomology of X [11]. 

Open Gromov-Witten invariants are in general very difficult to compute, especially when 
the obstruction of the corresponding moduli space is non-trivial. For Fano toric manifolds 
where the obstruction bundle is trivial, open Gromov-Witten invariants were computed by 
Cho-Oh [in]. The next simplest non-trivial example, which is the Hirzebruch surface F2, 
was computed by Auroux [2j using wall-crossing techniqu^and by Fukaya-Oh-Ohta-Ono [16] 
using degenerations. Later, under certain restrictions on the geometry of the toric manifolds, 
open Gromov-Witten invariants were computed in [H El 1231 El |8] . On the other hand, assuming 
convergence of W^^, it was proved in [2] that open Gromov-Witten invariants of semi- Fano 
toric manifolds can be extracted from the inverse mirror maps. 

One purpose of this paper is to compute open Gromov-Witten invariants ni(/3) for all 
compact semi-Fano toric manifolds. By definition, a toric manifold X is semi- Fano if we have 
—Kx ■ C > for every holomorphic curve C C X. Let /3 G vr2(X, L) be a disc clas^of Maslov 
index two such that ni{P) ^ 0. By the results of Cho-Oh [10] and Fukaya-Oh-Ohta-Ono 



(see also Lemma 2.3 ), /3 must be of the form 13 = j3i + a where /3/ G vr2(X, L) is the basic disc 
class associated to a toric prime divisor Di and a G H2{X, Z) is an effective curve class with 
—Kx ■ a = 0. Deffne the following generating function 



aeH2(X,Z)\{0} offoctive 

-Kx-a=0 

^Using the same techniques, Auroux [5] also computed the open Gromov-Witten invariants for the Hirze- 
bruch surface F3. 

By dimension reasons only classes /3 of Maslov index two can have non-zero ni (13). See Section d for a 
discussion on Maslov index. 
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see Definition 12.41 for more details. 

One of our main results is an explicit formula for the generating function Si{q), which may 
be stated as follows. The so-called toric mirror theorem of Givental 1181 and Lian-Liu-Yau 



[27], as recalled in Theorem 3.4, states that there is an equality 

I{q,z) = J{q{q),z), 

where I{q,z) is the combinatorially defined I -function of X (see Definition 3.1), J{q,z) is a 



certain generating function of closed Gromov-Witten invariants of X called the J -function 



(see equation (3.3)), and q{q) is the mirror map in Definition 3.2 Our formula for 5i{q) reads 
as follows: 

Theorem 1.1. Let X he a compact semi-Fano toric manifold. Then 

l + ^K?) = exp(^i(g(g))), 

where 

where the summation is over all curve classes d satisfying 

-Kx ■ d = 0, Di ■ d < and Dp ■ d > for all p ^ I 
and q = q{q) is the inverse of the mirror map q = q{q). 

The toric mirror map q = q{q) is combinatorially explicitly defined, and its inverse q = q{q) 
can be explicitly computed, at least recursively. Therefore our formula provides an effective 
calculation for all genus-zero open Gromov-Witten invariants. 

Our formula may be inverted to give a formula which expresses the inverse mirror map q{q) 



in terms of open Gromov-Witten invariants, see Corollary |6.7[ This gives the inverse mirror 
map an enumerative meaning in terms of disc counting. 

Our calculation of open Gromov-Witten invariants can also be neatly stated in terms of 
the disc potential: 



Theorem 1.2. Let X be a compact semi-Fano toric manifold. Then 

(1-1) K^ = ^Sl 

where W^^ is the Hori-Vafa superpotential for X in a certain explicit choice of coordinates 



o/(C*)", see Definition 3.5 and Equation (3.4) 



Theorem 1.2 may be considered as an open mirror theorem for toric manifolds. From this 
open mirror theorem, the disc potential W^^ is exactly the same as the Hori-Vafa superpo- 
tential W^^ . While the disc potential W^^ is a relatively new object invented to describe the 
symplectic geometry of X, the Hori-Vafa superpotential W^^ has been studied extensively in 
the literature. Thus existing knowledge on W^^ can be used to understand the disc potential 
W^^ better. In particular, since W^^ is written in terms of (inverse) mirror maps which are 
known to be convergent, it follows that 

Theorem 1.3. The coefficients of the disc potential W^^ of a compact semi-Fano toric 
manifold X are convergent power series in the Kdhler parameters q. 
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Moreover we have the mirror theorem [THl EZl which gives an isomorphism 
(1.2) QH*{X,ujq) ^ Jac(iy^^) 

between the quantum cohomology of X and the Jacobian ring of the Hori-Vafa superpotential 



when X is semi-Fano. Combining with Theorem 1.2, this gives another proof that 



Corollary 1.4 (FOOO's isomorphism [TT] for small quantum cohomology in semi-Fano 
casan). Let X be a compact semi-Fano toric manifold. Then there exists an isomorphism 



(1.3) QH*{X,Lo,) ^ JaciW^'^^) 

between the small quantum cohomology ring of X and the Jacobian ring of the disc potential 

q 

On the other hand, Seidel [32] (for monotone cases) and McDuff-Tolman [3T] constructed 
an isomorphism in the reverse direction by using Seidel representations, which were in fact 
also used by Fukaya-Oh-Ohta-Ono [H] in their proof of the injectivity of the homomorphism 



(1.3) (without knowing their explicit relations). Using our results on open Gromov-Witten 



invariants, we deduce that they are indeed inverse to each other: 



Theorem 1.5. Suppose X is semi-Fano. Then the isomorphism (1.5) maps the (normalized) 
Seidel elements Si E QH*{X, cOg) (see Section^ to the generators Zi, . . . , Zm of the Jacobian 



ring Jac(iy_ ), where Zi are monomials defined by Equation (2.2). 



We conjecture that Theorem 1.5, which provides a highly non-trivial relation between open 



Gromov-Witten invariants and Seidel representations, holds true for all toric manifolds. See 



Conjeture 6.12 for the precise statement. 



1.2. Outline of methods. The closed Gromov-Witten theory for toric manifolds has been 
studied extensively, and various computational tools such as virtual localization are available 
and very powerful. The situation is drastically different for open Gromov-Witten theory with 
respect to Lagrangian torus fibers: the open Gromov-Witten invariants, which are defined us- 
ing the geometry and analysis of moduli spaces of pseudo-holomorphic discs whose structures 
are very sophisticated, are very hard to compute, especially because of the lack of localization 
technique^ 

In our previous paper [7] we took an analytic approach to study open Gromov-Witten 



invariants of toric manifolds. In [71, Theorem 1.2] we proved Theorem 1.2 under the technical 
assumption that the generating functions Si{q) are convergent power series in q. Our proof 
employs the theory of universal unfolding of analytic singularities and uses the isomorphism 
Jac(W^'^) ~ Jci'C(VrJ?X) deduced from the toric mirror theorem of Givental [18] and Lian-Liu- 



Yau [27] and the isomorphism (1.3). 



■^Fukaya-Oh-Ohta-Ono proved a ring isomorphism between the big quantum cohomology ring of a compact 
toric manifold X and the Jacobian ring of the so-called bulk-deformed potential function. Our results deduces 
their isomorphism for the small quantum cohomology of a semi-Fano toric manifold X. 

■^The situation is rather different for open Gromov-Witten invariants of toric Calabi-Yau threefolds with 
respect to Aganagic-Vafa type Lagrangian submanifolds-in this case the invariants are practically defined by 
localization formula and can certainly be evaluated using it. 
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In this paper we study the problem of computing open Gromov-Witten invariants via a 
geometric approach entirely different from the one in [7j. Let us briefly explain the ideas 
here. By the classification result of Cho-Oh [10], a stable disc of Maslov index two in a toric 
manifold X must have its domain being a union of a disc D and a collection of rational curves. 
Naively one may hope to "cap off" the disc D by finding another disc D' and gluing D and 
D' together along their boundaries to form a sphere. If this can be done, it is then natural to 
speculate that the open Gromov-Witten invariants we want to compute are equal to certain 
closed Gromov-Witten invariants. This idea was first successfully worked out by Chan in [1] 
for toric manifolds of the form X = F{Ky © Oy) where F is a compact Fano toric manifold. 
In this case the P^-bundle structure on X provides a way to find the needed disc D'. This 
idea was also applied in subsequent works by Lau-Leung-Wu [23l El], Chan-Lau-Leung [6], 
Chan-Lau [5] and Chan-Lau-Tseng [8]. Through these works, it became clear that in more 
general situations, in order to find the "capping-off" disc D', one may need to work with a 
toric target space different from X. 

Here we further advance this geometric approach to determine open Gromov-Witten in- 
variants for all compact semi-Fano toric manifolds. One novelty of this paper is the use of 
Seidel spaces. Given a toric manifold X, let Di be a toric prime divisor corresponding to a 
ray in the fan and let vi be the generator of this ray. Then —vi defines a C*-action on X. 
Let C* act on \ {0} by z ■ {u,v) := {zu,zv),z G C*, {u,v) G \ {0}. The Seidel space 
associated to the C*-action defined by —vi is the quotient 

Er:={Xx{C'\{0}))/C\ 

By construction, Ef is also a toric manifold. Moreover there is a natural map Ef — t- 
which gives Ef the structure of a fiber bundle whose fibers are diffeomorphic to X. The 
toric data of Ef , as well as geometric information such as the Mori cone, can be explicitly 
described. See Section |4] for more details. 

Recall that the disc classes which give non-zero open Gromov-Witten invariants are of the 
form Pi + a, where /?/ is the basic disc class associated to the toric prime divisor Di for some 
/, and a G H2{X, Z) is an effective curve class with —Kx ■ a = 0. We prove the following 



Theorem 1.6 (See Theorem 5.1). Let X be a compact semi-Fano toric manifold and L G X 
a Lagrangian torus fiber. Then for any toric prime divisor D^, we have 



;i-4) <i(A + «; D^- [pt]i) = (d:' , [pt]^,^);'^,.- 



On the left-hand side of (1.4), n^^ifii -|- a; D}^\ [ptji) is the open Gromov-Witten invariant 
defined in Definition 2.1 , which roughly speaking counts discs of classes A + a meeting a fixed 
point in L at the boundary marked point and meeting the divisor Z)fc at the interior marked 
point. The invariant n^xi^Pi + -Dfc; [pt]L) is related to the previous invariant ni(/3/ + a) via 
the divisor equation proved by Cho [9] : 

n^i(A + a; D^; [pt]^) = [Dk ■ (A + «))ni(A + a), 

see Theorem 12.21 



On the right-hand side of (1.4) we have the two-point closed Gromov-Witten invariant 
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of the Seidel space , see Section |4] for the notations. The geometric idea behind the proof 
of (1.4) is the following. A stable disc representing the class Pi + a is a union of a disc A in 



X representing (3i and a rational curve C in X representing a. We identify X with the fiber 
of —7- over G and consider C as a rational curve in E^ . The key point is that the 
disc A in X bounded by a Lagrangian torus fiber L of X can be identified with a disc A in 
Ej^ bounded by a Lagrangian torus fiber L of Ef , and there exists a "capping-off" disc A' 
in Ef which can be glued together with A to form a rational curve representing a section 
(T;~ of Ef — )■ P^. This idea, which is illustrated in Figure 1, allows us to identify the relevant 



moduli spaces. A further analysis on the Kuranishi structures yields the formula (1.4). 





X 



Figure 1 . Relating disc invariants to Gromov-Witten invariants of the Seidel 
space. A disc A in P^ bounded by a torus fiber is 'pushed' into the associated 
Seidel space and compactified to a sphere in the section class cr^". 



Our formula (1.4) reduces the computation of open Gromov-Witten invariants to the com- 



putation of closed Gromov-Witten invariants (1.5). Such closed Gromov-Witten invariants 



are encoded in derivatives of the J-function of E^ . One may thus hope to calculate the 



invariants (1.5) via the J-function. Unfortunately an explicit formula for the J-function of 



El is not available from the toric mirror theorem in general, since E^ may not be semi-Fano. 



We calculate (1.5) by a different method, which we now briefly explain. The starting point 



is the observation that (1.5) appears in the quantum product S, * of the divisor and 



the Seidel element defined using the Seidel space E[ , see Definition 4.4 Recall that Ef 
is defined using the C*-action associated to the element —vi. The element vi also defines a 
C*-action and consequently a Seidel space Ei. Let Si be the Seidel element defined using Ei. 
Since vi + (— f/) = 0, the two C*-actions are inverse to each other. A basic property of Seidel 
elements implies that 

Si * S[' 



see Proposition 4.5, It follows that 



D 



k- 



(1.6) Si * Si *Du = q^ 

The Seidel space Ei is semi-Fano and the corresponding Seidel element Si can be calculated 
using the J-function. Indeed in [20] the Seidel element Si is explicitly calculated and expressed 



in terms of the so-called Batyrev elements. Their result is recalled in Proposition 6.1 We 



then use this calculation of Si to extract the invariants (1.5) from (1.6). This yields a proof 



of Theorem 1.1 The details are given in Section p| 
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Remark 1.7. 



(1) Seidel representations were used by McDuff-Tolman [31] to derive a presentation of the 
quantum cohomology ring of a compact toric manifold. This presentation of the quan- 



(2) 



tum cohomology ring was used in to prove the isomorphism (1.3). Our approach 
uses the geometry of Seidel spaces directly, as well as properties of Seidel elements. 
Theorem 1.3 gives a convergence result on the generating functions Si{q) of open 
Gromov-Witten invariants. This verifies the assumption needed in the analytic ap- 
proach in our previous work [7J , and thus provides an alternative way to prove Theorem 
\1.^ and its corollaries. 



(3) Equation (1.4) is a relation between open and closed Gromov-Witten invariants. An 



"open/closed relation" of somewhat different flavor is present in open Gromov-Witten 
theory of toric Galabi- Yau threefolds with respect to Aganagic- Vafa type Lagrangian 
branes. See [23 123 [2Sl I2S] for more details. 
(4) During the preparation of this paper, we learnt of an independent upcoming work of 
Gonzalez- Iritani [19j in which a different approach to Theorem 1.2 is developed. 



The rest of this paper is organized as follows. Section |2] contains a brief review of open 
Gromov-Witten invariants of toric manifolds. In Section [3] we describe the toric mirror 
theorem of [18], [27], the Hori-Vafa superpotentials, the mirror maps, and related materials. 
In Section |4] we recall some basic materials on Seidel representations of toric manifolds. In 



Section 
Section 



we prove the relation (1.4) between open and closed Gromov-Witten invariants. In 



we calculate the closed Gromov-Witten invariants which appear in (1.4) and prove 



our main Theorems 1.1, 1.2, 1.5 
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2. A BRIEF REVIEW ON OPEN GROMOV-WITTEN INVARIANTS OF TORIC MANIFOLDS 

This section aims to give a quick review on toric manifolds and their open Gromov-Witten 
invariants which are the central objects studied by this paper. For a detailed study of toric 
varieties, the readers are referred to Fulton's excellent book [T7]. The Lagrangian-Floer theory 
that we used in this paper is developed by Fukaya-Oh-Ohta-Ono [121 HH HH HSl fTT] . 



8 



K. CHAN, S.-C. LAU, N.C. LEUNG, AND H.-H. TSENG 



We work with a projective toric manifold X of complex dimension n equipped with a toric 
Kahler form, which we assume the readers are familiar with. Let = Z" be a lattice. The 
projective toric manifold X is defined by a complete simplicial fan S, which is supported in 
the real vector space (8>z The minimal generators of rays of S are denoted by Vj G 
for j = 1, . . . ,m. Each vj corresponds to a toric prime divisor denoted by Dj C X. There 
is an action on X by the torus Tc = (A^ ®2 C)/N which preserves the Kahler structure. 
The moment map of this action maps X to a polytope denoted by P. Each regular fiber 
of the moment map is a Lagrangian submanifold, and it is a free orbit under the real torus 
T = (A^ ^1 M)/N. By abuse of notation we also denote such a fiber by T, and call it a 
Lagrangian torus fiber. X is said to be semi-Fano if —Kx is numerically effective, that is, 
—Kx ■ C > for any holomorphic curve C. We call —Kx ■ C the Chern number of C, and 
also denote it by ci(C). 

Let X be a semi-Fano toric manifold equipped with a toric Kahler form. Our goal is to 
compute the open Gromov-Witten invariants of X, which are rational numbers associated to 
disc classes (3 G vr2(X, T) bounded by a Lagrangian torus fiber. 

We first recall the definition of open Gromov-Witten invariants. The Maslov index of a 
disc class (3 is denoted as In the toric case 

m 

/i(/3)=2^(/3-D,) 

where /3 ■ Dj denotes the intersection number of /3 with the toric divisor Dj. By Cho-Oh fLU\ . 
holomorphic disc classes in 7r2(X, T) are generated by basic disc classes f3j, j = l,...,m, 
which are in one-one correspondence with the rays vj of the fan. Since = 2 for all 

j = 1, . . . , m, every non-constant holomorphic disc has Maslov index at least two. 

For each disc class /3 G 7r2(X, T), Fukaya-Oh-Ohta-Ono [T5] defined the moduli space 

of stable discs with / interior marked points and k boundary marked points representing /3, 
which is oriented and compact. When / = 0, we simply denote A4'^\{(3) by A1^''(/3). Here 
we use the superscript "op" to remind ourselves that it is the moduli space for defining open 
Gromov-Witten invariants. Later we will use the superscript "cl" (which stands for "closed" ) 
for the moduli space of rational curves. 

The main difficulty in defining the invariants is the lack of transversality: the actual dimen- 
sion of M.i^k{P) in general is higher than its expected (real) dimension n + /i(/3) + A; + 2/ — 3. To 
tackle this, Fukaya-Oh-Ohta-Ono analyzed the obstruction theory and used the torus action 
on A^;,fc(/3) to construct a virtual fundamental chain 

[A^«,fe(/3)]virt, 

which is a Q-chain of dimension n + /i(/3) + /c + 2/ — 3 in X' x T'^. In this paper we shall only 
need the cases k = 1 and / is either or 1. In these cases, when /i(/3) = 2, since non-constant 
stable discs bounded by T have Maslov indices at least two, A^«,fc(/3) has no codimension-one 
boundary and so [A^i,fc(/3)]virt is actually a cycle. (For a nice discussion of this issue the reader 
is referred to [11 Section 3]). Also notice that for A; = 1, / = and /i(/3) > 2, [A^i(/3)]virt = 
due to dimension reason. 
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Definition 2.1 (Open Gromov-Witten invariant [2]). Let X be a compact semi-Fano toric 
manifold and T a Lagrangian torus fiber of X . We denote by (■ , ■) the Poincare pairing on 
H*{T). 

The one-point open Gromov-Witten invariant associated to a disc class /3 G 772 (X,T) with 
fi{(3) =2 is defined to be 

ni{l3; Nt) = np := {[Mi{l3)Ut , [ptjx) G Q- 

np :=0 z/M/3)7^2. 

For a toric cycle C G X of real codimension codim(C) and a disc class (3 G 7r2(X, T), let 

where the fiber product over X is defined by the evaluation map ev+ : A^i;i(/3) X at the 
interior marked point and the inclusion map C ^ X . The expected dimension of A4i-i{P; C) 
is dimC + yu(/3). The one-point open Gromov-Witten invariant of class /3 relative to C is 
defined to be 

ni,i(/3;C;[pt]T) := ([A^i;i(/3; C)].^ , Mt) G Q 
where the torus action on A^i.i(/3;C) is used to construct the virtual fundamental chain 

Notice that by dimension counting, ni,i(/3;C; [ptji) = if 7^ codim(C). Thus when 
C is a toric divisor, we only need to consider those /3 with yu(/3) = 2, and the corresponding 
moduli A^i;i(/9; C) has no codimension one boundary. Cho ^ has proved the following analog 
of divisor equation in the open case: 

Theorem 2.2 (Divisor equation in the open case [9]). For a toric divisor D d X and a disc 
class (3 G 7r2(X, T) with fj,{/3) = 2, we have 

where D ■ (3 denotes the intersection number between D and (3. 

By using the above definition of open Gromov-Witten invariants, one can define the disc 
potential as follows. 

First we make the following choices. By relabeling the generators {fj}^^ of rays if neces- 
sary, we may assume that f 1, . . . , spans a cone in the fan S so that {f 1, . . . ,Vn} gives an 
integral basis of A^. Denote the dual basis by {i'k}k=i <Z M := N* . Moreover, fix the basis 
{^fclLT of M^) where 

n 

(2.1) "ilk := -"^{up, Vn+k) (3p + (3n+k & H2iX), for /c = 1, . . . ,m - n. 

p=i 

(Recall that the basic disc classes form a basis of H2{X, T).) Note that G H2{X) 

because 

n 

d'^k = - X] ' + ^ -Vn+k + Vn+k = 0. 

p=l 

Since (\&fc , D^+r) = ^kr for all k,r = 1, . . . , k, the dual basis of {'^k}]^=i' is [-D^+i], . . . , [Dm] G 
H\X). 
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The basis {^k}T=r defines fiat coordinates on H^{X,C)/'^TTi H^{X,Z) by sending 

[7]] G i72(X,C)/27ri/f^(X,Z) 

to qki[v]) = Q^''{v) •= exp ^/^^ 77^ for = 1, . . . , m — n. The complexified Kahler cone 

KSc := Kx ® {i H\X, R)/2ni H\X, Z)) 

is embedded as an open subset of if^(X, C)/27ri iJ^(X, Z) by taking u G /C^ to —u G 
H^{X,C)/2ni H'^{X,Z). Then (gfc)^j^" is pulled back to give a fiat coordinate system on 
/C^, so that the large radius limit has coordinate g = 0. 

The disc potential is defined by summing the one-point open Gromov-Witten invariants 
for all P G '7r2(X, T) weighted by g^. By dimension reasons, only those /3 with Maslov index 
two contribute. Since X is a semi-Fano toric manifold, stable discs with Maslov index two 
must be of the form (3j + a for some basic disc class f3j and a G H2^{X) with Ci{a) = 0. Here 
mf^i^X) C H2{X, Z) is the semi-group of effective curve classes of X. More precisely. 

Lemma 2.3 (|lUt [Tl]). Let X be a semi-Fano toric manifold and T a Lagrangian torus fiber 
of X. A stable disc in M°j,{P) for k = 1 and I = 0,1 where (5 G 7r2(X, T) with fi{/3) = 2 is 
a union of a holomorphic disc component and a rational curve, which are attached to each 
other at only one nodal interior point. The disc component represents the class Pj for some 
j = 1, . . . ,m, and the rational curve has ci = 0. Thus the class of every stable disc is of the 
form f3j + a for some j = 1, . . . , m and a G if|*^(X) with Ci(a) = 0. 

Proof. For a toric manifold X, by the classification theorem of Cho-Oh [TU], a smooth non- 
constant holomorphic disc bounded by a Lagrangian torus fiber has Maslov index at least two. 
Moreover, a smooth holomorphic disc which has Maslov index two must represent a basic disc 
class Pj for some j = 1, . . . , m. If X is semi-Fano, every holomorphic curve has non-negative 
Chern number. Now a non-constant stable disc bounded by a Lagrangian torus fiber consists 
of at least one holomorphic disc component and possibly several sphere components. Thus 
it has Maslov index at least two, and if it is of Maslov index two, it must consist of only 
one disc component which represents a basic class Pj for some j = l,...,m. Moreover, 
the sphere components have Chern number zero, and thus they are contained in the toric 
divisors (otherwise they are constant and cannot be stable since there is only one interior 
marked point). But a holomorphic disc in class Pj intersect with U^D^ at only one point. 
Thus it is only attached with one of the sphere components, and by connectedness the sphere 
components form a rational curve whose class is denoted as a which has ci = 0. □ 

Moreover by the result of Cho-Oh [lOj, ni{Pj) = 1 for all j = 1, . . . , m. Hence the disc 
potential is of the following form: 

Definition 2.4 (Disc potential [H]). For a semi-Fano toric manifold X , the disc potential 
of X is defined by 

m 

1=1 

where 

^2 2) z={^^ when I = 1, . . . ,n; 

^ ' ^ ^1 Qi~nZi when I = n + 1, . . . ,m, 
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6r.= Yl + 

ae//2'^°(^)-{0} 

for alU = l,...,m, = HLT ^fc"'^"^'^ H^'^\X) C Hf{X) denotes the semi-group 
of all effective curve classes a of X with ci{a) = 0. We also call W^^ the Lagrangian Floer 
superpotential of X and the superscript "LF" here stands for "Lagrangian Floer". 

Notice that each 6i is a priori a formal power series contained in the Novikov ring in the 
formal variables qi, . . . ,qk- One key theorem in this paper shows that W^^ is equal to the 
Hori-Vafa superpotential (up to the toric mirror map). Since by definition each coefficient of 
the Hori-Vafa superpotential converges, it follows that each 6i is indeed a convergent power 
series. 

As emphasized by Fukaya-Oh-Ohta-Ono [H], in order to extract symplectic-geometric in- 
formation of the Lagrangian torus fiber from the disc potential W^^, one has to restrict W^^ 
to a formal neighborhood of the large volume limit in one direction. Explicitly, we fix a 
Kahler class u and substitute qk = T-^*fc for k = 1, . . . ,m — n, where T is the formal Novikov 
parameter. Then 6i becomes an element in the Novikov ring of one variable T, and W^^ is 
exactly the mg-term of the Lagrangian torus fiber. For toric manifolds, mo governs the whole 
Lagrangian Floer theory. All the higher A^o products m^,. A; G N can be recovered by taking 
the derivatives of niQ. It can be used to detect the non-displaceable Lagrangian torus fibers. 
For a detailed treatment in this direction, the readers are referred to [TU [T51 |TT] . 



3. Hori-Vafa superpotential and the toric mirror theorem 



After a brief review on the Lagrangian Floer theory of toric manifolds, which is the so-called 
y4-side of mirror symmetry, we now come to the complex geometry, the so-called -B-side, of 
the mirror. The mirror of a toric variety X is given by a Laurent polynomial W^^ explicitly 
determined by the fan of X [HI |2T]. It defines a singularity theory whose moduli has fiat 
coordinates given by the oscillatory integrals. These have explicit formulas and they will be 
reviewed in this section. Then we will recall the celebrated mirror theorem for toric varieties 



3.1. Mirror theorems. The mirror complex moduli is defined as a certain neighborhood of 



of (C*)™ " (see Definition 3.3), whose coordinates are denoted as g = (gi, . . . , qm-n) ^ (C*)". 
qk is also denoted as g"^* for k = 1, . . . ,m — n. 

The /-function is an i/^(X, C)-valued function on the mirror complex moduli defined as 
follows: 

Definition 3.1 (/-function). The I-function of a toric manifold X is defined as 

m—n \ 

-^(loggfc)[/)„+fe] J2 ^''^d 

k=l J deHfiX) 

where 



f=tnf:-oo(A + 3.) 
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and q'' := HLT ?f 

From the above definition, we see that Id can be regarded as a /\* H^{X, T)-valued function 
instead of if* (X, C)-valued, where Hl{X,T) H'^{X,T) ® C. A basis of H'^{X,T) is 
given by {-DijllLi, which is dual to the basis {fSi}]^^ C H2{X,T). The canonical projection 
H'^{X, T) H'^{X) sends to its class [A] for / = 1, . . . , m. Since {[A]}IIL„+i forms a basis 
of C), we may choose a splitting H'^{X,C) T) by taking the basic vector 

[D^+fc] to Dn+k ioT k — 1, . . . ,m — n. In this way we can regard H'^{X, C) as a subspace of 
Hl{X,T). 

Definition 3.2 (The mirror map). Let X be a semi-Fano toric manifold. The mirror map 
is defined as the 1/z-coefficient of the I -function of X, which is an H^{X,C) -valued function 
inqe 

The 1/z-coefficient ofYlideHf{x)i'^^d is of the form 

m 

-Y,gi{q)DieHl{X,T) 

1=1 

for some functions gi in q & (C*)"*""", / = 1, . . . , m. Explicitly 

where the summation is over all curve classes d e H2^{X) satisfying 

-Kx ■ d ^ 0, Di ■ d < and Dp ■ d > for all p I. 

Then the mirror map is 

rn—n m m—n 

J](logg,)p,+fe] -Y,gi{q)[Di] = J](logg, - 5*H^))[^n+fc] 

fe=l 1=1 k=l 

where 

m 

(3.1) g''^:=J2iDi,^k)9i. 

1=1 

Thus in terms of the coordinates {quj^Ii o/-ff^(X, C)/27riiJ^(X, Z), the mirror map q{q) is 

(3.2) gfc(g) = gfeexp(-/'=(g)) 
for k — 1, . . . ,m — n. 

While a priori gi{q) is a formal power series in q which can be considered as an element 
in the Novikov ring, by the theory of hypergeometric series it is known that gi{q) is indeed 
convergent around g = for each / = 1, . . . , m. 

Moreover, the mirror map q{q) is a local diffeomorphism, and its inverse is denoted as q{q). 

Definition 3.3. The mirror complex moduli A4^" is defined as the domain of convergence 
of {9i{q))^i around g = m (€*)"*""■. 
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The Kdhler moduli is defined as the intersection of the complexified Kdhler cone with the 

domain of convergence of the inverse mirror map q{q). By abuse of notation we still denote 

c 



the Kdhler moduli as KF' 



The most important result in closed-string mirror symmetry for toric manifolds is the 
following: 

Theorem 3.4 (Toric mirror theorem [ISIEZI)- Let X he a compact semi-Fano toric manifold. 
Consider the J-function of X: 



m-n \ / 

(3.3) J{q,z) = exp - 5^(logg,)[D„+fc] M + E E ^'(^ 



Z ^-^ I \ \ Z — W / 0,2,d 

. k=l / y a deHf{X)\{0} 

where {4>a} is a homogeneous additive basis of H*{X) and C H*{X) is its dual basis 
with respect to the Poincare pairing. We always use (. . ■)g^k,d to denote the genus g, degree d 
descendent Gromov-Witten invariant of X with k insertions. 

Then 

I{q,z) = J{q{q),z) 
where q{q) is the mirror map given in Definition \3.^ 

In this paper, we are interested in open-string mirror symmetry. The Hori-Vafa superpoten- 
tial (which plays a role analogous to that of the J-function in closed-string mirror symmetry) 
is the central object for this purpose. 

Definition 3.5. The Hori-Vafa superpotential of the toric manifold X is a holomorphic 
function W^^ : M""'' x (C*)" ^ C* defined by 



Wf'^iZi, ...,Zn) = Zi + ...+Zn+J2 



"n + k 

k=l 

where z^"+'' denotes the monomial YYi=iz'i'""^'^'''''' ■ ^■^ pulled back to the Kdhler moduli /C^ 
by substituting the inverse mirror map q^ = qk{q) (k = 1, . . . ,m — n) in the above expression. 

The Hori-Vafa potential may also be written as 

n m—n 

(3.4) Wf'^izi, ...,Zn) = Y,i^^P9p{q))zp + ^(exp(7„+fc(g))gfcz''"+'=. 

p=l k=l 

via the coordinate change Zp (exp gp{q))zp, p = 1, . . . ,n. Such a coordinate change will be 
necessary for the comparison with the disc potential (see Corollary 6.8). 

The Hori-Vafa superpotential contains closed-string enumerative information of X: 

Theorem 3.6 (Second form of the toric mirror theorem [IHEZI)- Let X be a semi-Fano toric 
manifold, u G JC^ with coordinate q{—uj) = q, and let W^^ be the Hori-Vafa superpotential. 
Then 

QiJ*(X,a;) = Jac(iy|j;) 
where q{q) is the inverse mirror map. Moreover, the isomorphism is given by sending the 
generators G QH*{X,u;) to [aiJ^W^^J] e JaciW^^). 
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3.2. Extended moduli. We have seen that Id is indeed H^{X, T)-valued. Thus it is natural 
to extend the mirror map and the Hori-Vafa potential W^^ to Hq{X, T). (Extended moduli 
has been introduced by Iritani |22|.) 

Let 

= exp(- (A , ■)) for / = !,..., m 

be the fiat coordinates on H^{X, T)/27ri T). In terms of these coordinates, the canon- 

ical projection 

H^{X,T)/2niH\X,T) H\X,C)/'2T^iH^{X,Z) 
is given by = Q~^"+''Qn+k for k = 1, . . . ,m — n. Here denotes the monomial 

nr=iQl"''"^"''^- The splitting 

H^{X, C) /27ri H'^{X, Z) ^ H^iX, T) /27ri H^{X, T) 

is given by = 1 for / = 1, . . . , n and Qi = qi for I = n + 1, ... ,m. 

Definition 3.7 (Extended moduli). The extended Kdhler moduli 

K:^cHliX,T)/2niH\X,T) 

is defined as the inverse image of the Kdhler moduli /C^ C H'^{X, C)/27ri if^(X, Z) under the 
canonical projection 

Hl{X, T) /27ri H^{X, T) ^ H^{X, C) /27ri H'^{X, Z). 

The extended mirror complex moduli A^™"' is the inverse image of Ai^" C (C*)*""" under 
the projection (C*)"" -> (C*)"^"" defined by sending (Qi, . . . , Q„) G (C*)'" to (gi, . . . , G 
(C*)™~", gfc = Q^^'^+''Qn+k for k = 1, . . . ,m — n. A^™"' can be regarded as a submanifold of 
by the splitting 

given by Qi = \ for I = 1, . . . ,n and Qn+k = ^Ik for k = 1, . . . ,m — n. 

Definition 3.8 (Extended superpotential and mirror map). The extension of Hori-Vafa po- 
tential py?^ from q G M"^" to Q e is defined as 

m 

W|V(^i,...,^„) ■.= Y,Qiz^^ 

1=1 

where z'"' denotes the monomial Ylp=i Zp^'''^^^ (and so z'"' = Zi for I = 1, . . . ,n). 
The extended mirror map from Ai'^" to IC^ is defined to be 

Qi{Q) = QieM-9M{Q))) 
where q{Q) is the canonical projection % = Q^""+^Qn+k for k = 1, . . . ,m — n. 
The extended inverse mirror map from /C^ to Al™'' is defined to be 

QiiQ)=Qiexpigi{qiqiQm 

where q{Q) is the canonical projection q^ = Q~^'^+''Qn+k for k = 1, . . . ,m — n, and q{q) is the 
inverse mirror map. 
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There is a subtlety here: while Q{Q) and Q{Q) are called the extended mirror map and 
extended inverse mirror map respectively, they are not necessarily inverse to each other! They 
are named in this way because they can be considered as extension of the mirror map and its 
inverse respectively in the following sense: 

Proposition 3.9. The extended mirror map is compatible with the mirror map. That is, the 
composition of the canonical projection — )■ /C*^ with the restriction of extended mirror map 
(5(<5)|xmir : M.'^™ JCP is equal to the mirror map q{q). (Recall that we always use the 



splitting in Definition 3.7 to regard A^™"' as a submanifold of M."^^'^.) 

Similarly, the extended inverse mirror map is compatible with the inverse mirror map in 
the sense that the composition of the canonical projection — > A^™'"^ with the restriction 
of extended inverse mirror map 0(Q)l/c*^ ■ ~^ Al™'' is equal to the inverse mirror map 

As a consequence, 

where q{q) is the inverse mirror map, Q{q) is the restriction of the extended inverse mirror 
map Q{Q) to the Kdhler moduli JC"^ 3 q, and q{Q) is the canonical projection. 



Proof. In terms of coordinates, the restriction of the extended mirror map to = 1 for 
/ = 1, . . . , n, Qn+k = qk ioT k = 1, ... ,m - n is 

Qi = exp{-gi{q)) for / = 1, . . . , n; 
Qn+k= qkex.v{-9n+k{q)) for k = 1, . . . ,m - n. 

Under the canonical projection IC'^ — )• K,^, 

Qk = Q'^^+^Qn+k 

= gfccxp ^- (^gn+kiq) + {-Vn+k , Vp) 9piq) 
= gfcexp ^- (^fe , Dp) Qpiqi, ■■■Ak) 

which is equal to the expression of the mirror map. 

Similarly the restriction of the extended inverse mirror map io Qi = 1 for / = 1, . . . ,n, 
Qn+k = qk ioT k = 1, ... ,m - n is 

Qi = expgi{q{q)) for Z = 1, . . . , n; 
Qn+k= Qkexpgn+kiqiq)) for /c = l,...,m-n. 



16 K. CHAN, S.-C. LAU, N.C. LEUNG, AND H.-H. TSENG 

Under the canonical projection M.'^" — > A^™^'', 
qk = Q~''"+''Qn+k 

(n 
9n+k{q{q)) + Yl i-'^n+k , ^p) 9p{q{q)) 

/ m 

= qk exp I ^ , Dp) gp{q{q)) 

\p=i 

which is equal to the expression of the inverse mirror map. 

It is obvious that W?^ = under the given splitting. Thus one has the equality- 

relating the superpotential with its extended version given in this proposition. □ 

Definition 3.10. An element A — Yl^i ^i^i £ H^{X, T) induces a differential operator 



1=1 

which operates on functions on A^™"'. Such an association is linear, that is, {cA + B)q = 
cAq + Bq for all c E C The element A projects to [A] G H^{X, C) which can be written as 
Ylh=i ^k[Dn+k] in terms of the basis {[Dn+k]}k=r ■ induces the differential operator 

m—n 

Aq :— Ofe^loggfc 
k=l 

which operates on functions on A4"^". Similarly this association is linear. 
Replacing Q by Q and q by q, A also induces the differential operators 

m 

Aq := y^JiidiogQi 

1=1 



on the extended Kdhler moduli /C and 

Aq := ^ akdiogqf. 

k=l 

on the Kdhler moduli KF' . 

A good thing about the extension W^^ is the following observation: 

Proposition 3.11. If A, B G H^{X,T) project to the same element in H'^{X,C) (meaning 
that A and B are linearly equivalent), then 

iHVi ro -\A-)HVi ^ T„„("\AlHV\ 



In particular, restricting to the mirror moduli one has 

lHV\/;;\M rA TT/HVi ^ T„„/Ti/HV^ 



PQW^")(^))] = [^^^"1eJac«^). 
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Proof. For the first statement, it suffices to prove that if Yl^i (^i^i is hnearly equivalent to 



zero, then 



is in the Jacobian ideal of W^^. 
Now 



HV 

Q 



1=1 



1=1 1=1 

Since X^z^i (^i^i is hnearly equivalent to zero, there exists i/ G M such that (z/ , vi) = ai for 
all / = 1, . . . , m. Then the above expression is equal to 



d 



1=1 



w 

d loe; z'^ 



HV 



where z'^ denotes the monomial IllLi -^^i^'^' 

For the second statement, write A = J2h=i^i^i projection [A] = X^aJ^i" 

Then A and 'Y^'^Zi CLkDn+k G H'^{X.,T) projects to the same element in C). Thus 



HVi 



k=l 



e Jac(Wg^). 



Q 



Take Qi = 1 for I = 1, ... ,n and Qn+k = Qk ioT k = 1, . . . ,m — n, since W?^ = W^^ , we 



obtain 



[(/lQW"V)(g))] = G Jac(W^^ 



HVl 



rBY\ 



□ 



3.3. Batyrev elements. The toric mirror theorem 3.6 gives a presentation of the quantum 
cohomology ring. The generators of this presentation are given by the so called Batyrev 
elements defined as follows [3J. 

Definition 3.12 (Batyrev elements [3j). The Batyrev elements, which are H'^{X,C) -valued 
functions on A^™"', are defined as follows. For k = 1, . . . ,m — n, 



Bn+k '■— 



d log qrjq) 
dlogqk 

where q{q) is the mirror map. For I = 1, . . . ,n, 



Bi := J2 iBi,^k)Bn, 



k=l 



A key step to prove the toric mirror theorem 3.6 is to show that the Batyrev elements 
satisfy two sets of explicit relations |3]: 
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^1) Linear relations. It follows from the definition that {Bi}]^-^^ satisfies the same linear 
relations as that satisfied by {-D;}J!ii, namely, for every u G M, 



1=1 



(2) Multiplicative relations. For every k = 1, . . . ,m — n, 



where b\^'"^''^ means Bi quantum-multiplies itself for (\E'fc , Di) times. This relation 



is the essential part of the toric mirror theorem (second form, see Theorem 3.6) 
Batyrev elements can also be lifted to A^™'^: 
Definition 3.13 (Extended Batyrev elements). For I = 1, . . . ,m, define 

^ ^ d\og QpjQ) ^ 



which is an H^{X, T) -valued function on A^™"'. Here Q{Q) is the extended mirror map given 
in Definition 3.8{ 



Proposition 3.14. For I = 1, . . . ,m, we have 

[BiIm'^^^] = Bi. 



Proof. In terms of the basis {{D^+il [Dm]} of H^X, C), [Dj = E^T (^p ^ ^r) [Dn+r]- 
Hence 

^ dhgQi ^ 

_ aiogg,.(g(g)) 

dlogQi 

where qr{Q) = Q~^''Qn+k for r = 1, . . . , m — n is the canonical projection. Recall that the 
extended mirror map is \ogQp{Q) = log Q p — gp{q{Q)) where q{Q) is the canonical projection 
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given by qr{Q) = Q~^''Qn+k for r = 1, . . . , m — n. Then 



m—n m 



dhgqr dlogQp 



r=l p=l 

m—n 



r=l 



m—n / m—n 



r=l \ A;=l 



n+rj 



where Sf*"- = Xl^i {Dp , ^I/r) fi'p- Now restricting = . . . = Q„ = 1 and Q„+a: = Qn+k for 
k = 1, . . . ,m — n, and since the extended mirror map is compatible with the mirror map (see 
Proposition 3.9), the above equals 

rxl/. DA 

9 log Qk 



m—n m—n 



r=l fc=l 

□ 



It follows from the above discussions that Batyrev elements have an extremely simple form 



under the isomorphism QH* (X, ooq 



Jac(iyHV), 



Proposition 3.15. Under the isomorphism QH*{X,ujq 



Jac(iy-^^) of Theorem 



3.6, the 



Batyrev elements Bi are mapped to z^' for / = 1, . . . , n, and qi-n{(i)z'"^ for / = n + 1, . . . , m. 



Equivalently, each Bi is mapped to {exp gi{q{q)))Zi for I 
Jac(W|^^), where Zi is defined by Equation (2.2). 



Proof. Associate Dp G H^(X,T) to the differential operator 
Bi is associated with 

d log Qp d d 



, m under QH* (X, Uq 



for p = 1, . . . , m. Then 



B, 



Restricting to A^™^'', by Proposition 



^ aiogQ,91oggp d\ogQ{ 

Bi projects to Bi G H^{X, C). By Proposition 



3.14 



3.11 



[fi,W«V(g(g))] = [B.WZ] ^ Jac(l^,«^ 
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On the other hand, 



Thus 



for / = 1, . . . , n and 



for k = 1, . . . , m — n. 



AW"V(g(g)) 



d 



dhgQi ^ 



iz 



Under the coordinate change (3.4), zi changes to (exp 5f;(g(g)))2; for / = 1, . . . , n, and for 
/ = 77, + 1, . . . , m, qi_n{,<i)z^^ changes to 

n n 



p=i 



qi-niexp gi{q{q)))z''K 



□ 



4. Seidel representations for toric manifolds 



In this Section we review the construction and properties of Seidel representations in the 
toric case. A key insight of this paper is that open Gromov-Witten invariants of a toric 
manifold X are equal to some closed Gromov-Witten invariants of certain manifolds related 
to X. These manifolds are used to construct the so-called Seidel representation [32], [30], which 
is an actioiij^of 7ri(Ham(X, w)) on QH*{X,u), and so we call them the Seidel spaces in this 
paper. 

Definition 4.1. Let X be a manifold. Suppose that we have an action p : C* x X ^ X of 
C* on X . The manifold 

E = E,:={Xx (C^ \ {0}))/C* 

is called the Seidel space associated to the action p, where 2; G C* acts on the second factor 
\ {0} 3 (ti, v) by z ■ (m, v) = {zu, zv) . 

The Seidel space E is an X-bundle over where the bundle map (X x (C2\{0}))/C* 
is given by the projection to the second factor. 

Let X be a toric manifold of complex dimension ra, given by a fan supported in the 
vector space N ®i M, where X is a lattice. Each lattice point v & N gives a C*-action on X. 
In particular, the minimal generator Vj G X of a ray of the fan S'^ gives a C*-action and thus 
defines a corresponding Seidel space E = Ej. It is a toric manifold of dimension n + 1 whose 
fan has rays generated by vf = (0, vi) for I = 1, . . . ,m, v§ = (1, 0) and = (—1, vj). 

On the other hand, we may also use the opposite direction —Vj G X to generate a C*-action. 
The corresponding Seidel space will be denoted by E~ = Ej . It is also a toric manifold 
of dimension n + 1 whose fan S-^ has rays generated by vf = (0, f/) for I = 1, . . . ,m, 
vf = (1,0) and vg~ = {-l,-Vj). 



'Hani(Ar, oj) denotes the group of Hamiltonian difFeomorphisms on {X,uj). 
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One of the main results in this paper is that, the open invariants of X are closely related to 
the open invariants of the Seidel spaces E~ = E~, j = 1, . . . ,m. Since E~ is a toric manifold, 

7i2{E~ , ) is generated by the basic disc classes which are denoted as 6;, / = 0, 1, . . . , m, oo 
(while recall that basic disc classes in X are denoted as Pi for / = 1, . . . , m). Moreover, the 
toric prime divisors of E^ are denoted as Dq, . . . , D^, Uoo (while recall that toric prime 
divisors of X are denoted as for / = 1, . . . , m). 

Viewing Seidel spaces as X-bundles over P^, one has the following specific sections of the 
Seidel spaces: 

Definition 4.2. Let X be a toric manifold, and let Vj & N be the minimal generator of a 
ray in the fan of X. Let E = Ej and E~ = E~ be the Seidel spaces associated to Vj and 
—Vj respectively. Under the C*-action generated by either vj or —Vj, there are two fixed loci 
in X . One of them is Dj C X , and each point p G Dj gives a section a = aj : ^ E 
(a^ = aj : ^ E^ resp.) whose value is constantly p E Dj C X . It is called the zero 
section of E (E^ resp.). Similarly each point p in another fixed locus S gives a section 
(Too : P"^ — )■ -E (o"oo : P^ — 7- E~ resp.) whose value is constantly p E S d X , and it is called a 
infinity section of E (E^ resp.). 

The various notations in the above definition are illustrated by the following figure of the 
Seidel spaces of P^. 




Figure 2. This figure shows the Seidel spaces E and E~ associated to the two 
different torus actions on P^ and their sections corresponding to the fixed points 
in P^ under the action. In this simple case both E and E~ are the Hirzebruch 
surface Fi, while in general they are different manifolds. 

By abuse of notation their classes in H2{E) and H2{E~) are also denoted as a, a^o and a", 
respectively. Notice that under the C*-action generated by fj, Dj has negative weight 
(namely, —1); while under the C*-action generated by — fj, the other fixed loci has negative 
weight. Then using Lemma 2.2 of Gonzalez-Iritani [20j, all the curve classes of E {E~ resp.) 
are generated by a {a^ resp.) and curve classes of X: 

Proposition 4.3 (Lemma 2.2 of pU]). 

Hf{E) = Z>oW] + Hf{X) 

where H^[E) and H2^{X) denote the Mori cones of effective curve classes of E and X 
respectively. Similarly, 

Hf{E~) = Z>o[o-J+Hf{X) 

where H^[E) and Hf^[X) denote the Mori cones of effective curve classes of E and X 
respectively. 
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The section class a~ G Hf^{E^) can also be written as a" = 60 + ^oo + bj, where we recall 
that hi for / = 0, 1, . . . , m, 00 are the basic disc classes of E~ . It is the most important curve 



class to us as we shall see in the next section. By Proposition |4.3[ it can also be written as 

= ^00 + ^ 

for some curve class C7 in X. 

The Seidel element corresponding to a C*-action on X is defined as follows. 

Definition 4.4 (Seidel element). Given a C* -action on X , let E he the corresponding Seidel 
space. The Seidel element is 

a d<^HfHE) a aeHf{X) 

where {4>a} is a hasis of H*{X) and {0"} is the dual hasis with respect to Poincare pairing, 
(j)^ G H* (E) denotes the push-forward of (pa under the inclusion of X into E as a fiher. 
Moreover, 

Hr{E) := {a + « : a G Hf{X)} C Hf{E) 
where a is the section class of E corresponding to the fixed locus in X with negative weight. 
The normalized Seidel element is 

a a£Hf{X) 

Using degeneration arguments, Seidel [32] (in monotone case) and McDuff [30] proved 
that if pi, P2 are two commuting C*-actions and Ps = pi * p2 is the composition, then the 
corresponding Seidel elements Si, S2, S3 satisfy the relatioi]]^ 

S3 = Si* 5*2, 

(here * denotes the quantum multiplication) under the following assignment of relations 
between Novikov variables of Ei, E2, E3. 

The C*-actions pi,p2 define an X-bundle E over x P^: 

E := (X X (C' \ {0}) X (C^ \ {0}))/(C* X C*) 
where {zi, ^2) e C* x C* acts by 

{Zi,Z2) ■ {X, {Ui,Vi), {U2,V2)) ■■= {pi{zi,p2iz2,x)), {ZiUi,ZiVi), {Z2U2, Z2V2)) ■ 

E restricted to P^ x {[0, 1]} is the Seidel space Ei associated to pi; E restricted to {[1, 0]} xP-*^ is 
the Seidel space E2 associated to P2; E restricted to the diagonal {{pi,P2) € P^ x P^ : pi = P2} 
is the Seidel space E3 associated to the composition P3. Effective curves classes in E are 
generated by those of Ei and E2. In particular, (T3, the section class of E3 which corresponds 
to the fixed locus in X with negative weight under the action of pa, when pushed forward to 



^Indeed they proved this in a more general situation in which the Seidel elements are generated by loops 
in 7ri(Ham(X, w)). Then every element in 7ri(Ham(X, w)) gives a Seidel element which acts on QH*{X) by 
quantum multiplication, and they showed that it defines an action of 7ri(Ham(X, a;)) on QH*{X). 
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a curve class in is of the form di + d2 for some di G H^^^Ei) and d2 G H2^{E2). Then 
assign the relation 

between the Novikov variables g'^^, g''^, q"'-^ of Ei,E2 and E'a respectively. The Novikov 
variables of where a G if|*^(X), are set to equal for i = 1,2,3. Thus once the 
Novikov variables of Ei and E2 are fixed (with the requirement that are the same for all 
a G H2^{X)), those of E3 are automatically fixed. 

Now coming back to our case that pi is the action generated by vj and p2 is the action 
generated by —Vj, their composition is the trivial action. We write Sj and Sj' for the two 
Seidel elements. The Seidel element generated by the trivial action is simply q'^", where ctq 
is a section of the trivial bundle X x — ^ P^. The above assignment of Novikov variables 
gives 

Hence one has the following equality for Seidel representation: 
Proposition 4.5. 

5. Relating open and closed invariants 

Open Gromov-Witten invariants are difficult to compute in general, because there are 
highly nontrivial obstructions to the moduli problems, and in contrast to closed Gromov- 
Witten theory, localization techniques cannot be applied. In [H |23] , under certain restrictions 
on the geometry of the toric manifold X, it was shown that open Gromov-Witten invariants 
appearing in the superpotential of X were equal to certain closed Gromov-Witten invariants 
of X (or certain compactification of X when X is non-compact). This gives an effective way 
to compute open Gromov-Witten invariants because closed Gromov-Witten invariants can be 
computed by various techniques such as localization. 

However, for an arbitrary toric manifold X, the geometric technique in |H |23] fails, and 
searching for spaces whose closed Gromov-Witten invariants correspond to open Gromov- 
Witten invariants of X becomes more difficult. An exciting discovery in this paper is that 
Seidel spaces associated to X, which are one dimensional higher than X, are indeed what we 
need in order to have such an open-closed comparison. Moreover it works for all semi-Fano 
toric manifolds. Namely, 

Theorem 5.1. Let X be a semi-Fano toric manifold and (3 G 7r2(X, T^) a disc class of 
Maslov index two bounded by a Lagrangian torus fiber C X. Then (5 must be of the form 
Pj + a for some basic disc class Pj of X (j=l,. . . ,m) and a G H^{X) with Ci{a) = 0. 

Let Vj & N be the minimal generator of the ray in the fan of X corresponding to the basic 
disc class Let E~ = Ej be the Seidel space corresponding to the C* -action generated by 
—Vj = —d(3j, and denote by a Lagrangian torus fiber of E~ . Any class a G H*{X) can 
be pushed forward (via Poincare duality) by the inclusion X )■ E^ of X as a fiber to give a 
class in H*{E^), and it is denoted as . Then for every toric prime divisor D = Di of X, 
one has 
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is 



where a G H^iE ) is the zero section class of E (see Definition 4-2), [pt]T^ ^ H"'{T 
a point class ofT^ and [pt]^;- G H'^^[E~) is a point class of E~ . 

The statement that a stable disc class of Maslov index two bounded by is of the 
form Pj + a was proved by Cho-Oh [TU] and Fukaya-Oh-Ohta-Ono [H], and it is recalled in 



Lemma 2.3 We also need the following simple lemma about curves in the Seidel space E 



representing a: 



Lemma 5.2. Assume the setting as in Theorem \5.1\ Let C C E~ be a rational curve 
representing a fiber class of E~ — )• P-*^ with ci(C) < 1. Then C is contained in the union of 
the toric divisors of E^ , i.e. C C {JILiDi. 

Proof. Since C represents a fiber class (i.e. a class in Hf^lX)), its image under E~ — )■ 
can only be a point, which means C belongs to a fiber of E~ — )■ P^, which is identified as 
X. Note that the Chern number of C in X is the same as that of C in E^ . Since X is 
semi-Fano, every component of C has non-negative Chern number. But ci{C) < 1. Thus 
each component of C has ci < 1. Let C" C C be a component. Then —Kx ■ C is either or 1. 
Suppose —Kx • C" = 0. It is impossible to have Di ■ C = for all i since this means [C] = 0. 
So there exists an i such that Di-C < 0, which implies that C C -Dj. Suppose —Kx -C = 1. 
It is possible that Di ■ C < for some i, which implies C C D^. The other possibility is that 
Di ■ C = 1 for some i and Dj ■ C = for j i. This is impossible since it violates linear 
relations. We thus conclude that every component of C lies in a toric divisor of X. Under 
the inclusion X E~ as a fiber, Di C T>i for all / = 1, . . . , m. Thus C C IJJ^i "^i- ^ 

The rest of this section is devoted to prove Theorem |5.1[ The proof is divided into two main 
steps. First, we equate the open invariant ni^i(/3;Z); [pt]x^) of X to certain open invariant 



of E = E- (Theorem 5.3). Then we show that this open invariant of E is equal to the 



closed invariant {D^ ? [ptlx^- )o,2,cr-+« of E (Theorem 5.6). Here D^ G H^{E ) is the 
pushforward of D G H'^{X) under the inclusion X E^ of X as a fiber. Since D is a divisor 
of X, D^ is of complex codimension two in E^ . 

5.1. First step. The precise statement of the first main step is the following: 

Theorem 5.3. Assume the notations as in Theorem \5.1\ Then 

nl^{(3.j + a; D- [pt]Tx) = n^~i{h + &i + a]D^'; [pt]^^-) 

where we recall that hi = 0, 1, . . . , m, ooj are the basic disc classes of E^ (see Section |^. 
Moreover \pt\rj.E- G _f/'"+i(T'^ ) denotes the point class of the Lagrangian torus fiber of E~ . 

Recall that 

nfi(/3, + a- D- [pt]Tx) := ([-M?fi(/3, + «; D)^^ , [pt]Tx) G Q 
and by definition of Poincare pairing, this is the same as 

+ «;^)]virt e H\M) = Q- 

where Lt^x : {pt} )■ T"^ is an inclusion of a point to T"^. Similarly 



n 



f- {bo + b, + a- D^' ■ [pt]^,- ) = t*^,^ [Mllibo + h + «; D''')U, G //'^(pt, ( 
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where Lrj,E- '■ {pt} ^ is an inclusion of a point to T-^ . We denote the images of t^^x 
and Lrj,E- to be ptrpx and ptrj,E' respectively. 



By Lemma 2.3, a stable disc in D) has only one disc component. Thus it never 

splits into the union of two stable discs. Hence A^°j(/3; D) has no codimension-one boundary. 
The following lemma shows that Ai1\{bo + bj + a; ) also has this property, whose proof 
requires a more careful analysis of the stable discs since 60 + has Maslov index four (which 
is not the minimal Maslov index of T'^ ), and E~ might not be semi-Fano: 

Lemma 5.4. Assume the settings as above. A stable disc in Aii\{bQ + bj + a; ) consists of 
a holomorphic disc component and a rational curve, which are attached to each other at only 
one nodal point. The disc component belongs to the class 60 + bj for some j = 1, . . . ,m, and 
the rational curve belongs to a. In particular, Ai°\{bo + bj + a; ) has no codimension-one 
boundary. 



Proof Consider a stable disc (/) in A^°''^(6o+6j+«; -D^ ). It consists of several disc components 
and sphere components. Notice that (60 + bj + a , Tioo) = 0, where (■ , ■) denotes the Poincare 
pairing on H*{E~). Since every holomorphic disc bounded by and every holomorphic 
sphere in E~ has non-negative intersection with 2) 00, this implies that each sphere component 
of (f) has intersection number with Dqo. So every sphere component of is in a fiber class 
as otherwise it would have positive intersection number with Doo- In particular each sphere 
component of has non- negative Chern number and is contained in a fiber of E~ — )■ P^. 
Together with the fact that has Maslov index /i(6o) + f^i^j) + 2ci{a) = 4, this implies that 
each disc component has at most Maslov index four. 

Suppose a disc component of has Maslov index four. Then all the sphere components 
have Chern number zero. Since every non-constant holomorphic disc has Maslov index at 
least two, the other disc components of must be constant, and they are mapped to T-^ . 
On the other hand the interior marked point p^"^ of has to be mapped to , which is 
disjoint from . Hence p™* cannot be located in the constant disc components. But then 
at least one of the constant disc component does not have three special points, and hence 
making unstable. This shows that has only one disc component which has Maslov index 
four. 

Then we prove that the disc component is attached with the holomorphic spheres at only 
one interior nodal point. Holomorphic discs bounded by a Lagrangian torus fiber have been 
classified by Cho-Oh [lOj. In particular if a holomorphic disc of Maslov index four passes 
through , it intersects with the union of toric divisors at only one single interior point. 



On the other hand, by Lemma [5^ all the sphere components are mapped to the union of the 
toric divisors D/, I = 1, . . . , m. Thus the disc component is attached with the holomorphic 
spheres at only one interior nodal point. This implies that is the union of a holomorphic 
disc and a rational curve joint at a single nodal point. Since the holomorphic disc represents 
60 + bj, the rational curve must represent a. 

Now suppose otherwise that every disc component of has Maslov index less than four. 
Then must have a disc component of Maslov index two. Then the other disc components 
have Maslov index at most two, and the sphere components have Chern number at most one. 
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Moreover the sphere components belong to some fiber classes. By Lemma 5.2, each of them 
is contained in D; for some I = 1, . . . ,m. 

A holomorphic disc of Maslov index at most two does not pass through . Thus the 
interior marked point of (p must be located in a sphere component. But G 
which is contained in the fiber at 0. This implies that this sphere component is contained 
in Do n 2)/ for some / = 1, . . . ,m. However, a holomorphic disc of Maslov index at most 
two does not pass through Dq H D;, and so none of the disc components is connected to this 
sphere component. We thus conclude that this situation cannot occur. 

We have now proved that has only one disc component. This implies that it never splits 
into two stable discs, meaning disc bubbling never occurs. Thus the moduli Adl^i (&o + bj + 
a; ) has no codimension-one boundary. □ 

Now both M.'^i {Pj + a; D) and J^1\ (&o + bj + a; ) have no codimension-one boundaries. 
By [ISl Lemma Al.43], we have 

nf^,{f3j + a- D- [ptj^x) = 4x + a; /^)]virt 

= [MTM + a;/^;ptTx)]virt G H'^^D X {ptTx},Q) = Q 



and 



<r (6o + h, + a- D^-; [pt]^,-) = [MZibo + h, + a; D^")], 



(5.1) = [A1°P(6o + &, + «;/^''";pV-)]virt 

eif°(D^"x{ptT^-},Q) = Q 



where 



and 



+ a- A; ptTx) = + a) xx A) {pt^x} 

= MZ{(^3 + «) XXxT^ (A X {ptTx}) 



+ hj + a; A^';pV-) = (-M?fi(&o + &i + «) x^- Df~) x^^- {pt^^-} 

= M^ibo + h + «) Xi^-xT^- X {pt^^-}). 

The fiber products appeared above use the evaluation maps ev^ : M.°^^[l3j + a) — > X, 
ev^ : + «) -> T^, ev^ : A^ifi(/3j + a) ^ E- , evf : M°^^{Pj + a) , and the 

inclusion maps A ^ X, {ptx-^} ^ T-^, Df >-> E", {pt^^-} ^ T^~. 
Thus to prove 

+ a; D; [pt]Tx) = nf~{bo + bj + a;D^~; [pt]^^-) 

it suffices to show that 

A^°P + a; D; pt^x) = -Mi!l(&o + &j + «; Z^""" ; pt^^.- ) 
as Kuranishi spaces. This is the content of the next proposition. 

Proposition 5.5. Fix a point ptrj^x G T'^ and a point ptr^E- G . Then we have 
(5.2) Ml'^.iPj + a; D; pt^x) = M^bo + 6, + a; D^'; pt^^- ) 
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as Kuranishi spaces. 

Proof. We divide the proof into three parts. 

(A) Virtual dimensions. First of all, both sides have virtual dimension zero: 

dimMl^iiPj + a)= fi{f3j) + 2ci(a) + 2 + 1 + n - 3 = 2 + n. 

Requiring the interior marked point to pass through D cuts down the dimension by 2; Re- 
quiring the boundary marked point to pass through ptrpx further cuts down the dimension 



by n. Thus the virtual dimension of the LHS of (5.2) is zero. For the RHS of (5.2) 



dim A^°fi(&o + bj + a) = fi{bo) + fx{bj) + 2ci(a) + 2 + 1 + (n + 1) - 3 = 5 + n. 

Requiring the interior marked point to pass through cuts down the dimension by 4; 

Requiring the boundary marked point to pass through ptrp g- further cuts down the dimension 
by n + 1. Thus the virtual dimension of the RHS of ( |5.2| is also zero. 

(B) Spaces. In what follows the domain interior marked point of a stable disc is always 
denoted as p™*, and the domain boundary marked point is always denoted as p^'^'^. 



Now we construct a bijection between the left hand side and the right hand side of (5.2). 
In the following we fix a local toric chart x = (Xi? • • • ? Xn) of X which covers the open orbit 
of Dj C X, and such that xi{Dj) = 0. Without loss of generality, we may take to be 
the fiber = 1 for all /, and ptr^x to be Xiip^T^) = 1 for all /. Correspondingly we have 
the local chart (x, w) of E~ around the fiber w = G P^. Without loss of generahty we take 
to be the fiber \xi\ = \w\ = 1, and ptrp^- to be xKp^t^^') ~ w(j)trj,E-) = 1 for all /. 



First consider the easier case a = 0. By Lemma [2. 3[ a stable disc in the LHS is a holomor- 
phic disc u in class Pj. The domain is a closed unit disc A G C. By using automorphism we 
may take p™* = and p^'^^ = 1. Under the above chosen local coordinates of X, u has the 
expression 

„(^) = (e^^l^^^,e'^^...,e*^") 

1 + UqZ 

for some ao G A, 6*^ G M, A; = 1, . . . , n. u passes through D = Di only when i = j. Thus the 
left hand side is simply an empty set when i ^ j. When i = j, u{0) G Dj forces ao = 0, 
and requiring u{l) = pt^^ = (1, . . . , 1) fixes Ok = for all = 1, . . . , n. Thus the left hand 
side is simply an empty set when i ^ j, and is a singleton when i = j. On the other side. 



by Lemma 5.4, a stable disc in the RHS is a holomorphic disc z/ in class Bq + bj. Such disc is 
also classified by Clio- Oh [TD] . Again we use the domain automorphism to fix p'^'^^ = 1 and 
pint _ g 'jj^gj^ ^]^g ^jgg jg Qf form 

^ o u{z) = e^'^^^^, X o K^) = (e^'^^^,e^^^ . . . ,e^^"), 
1 -|- aiz 1 + a2Z 

where ai, a2 G A and G M. u never hits Df when i ^ j. When i = j, z/(0) G Dj" forces 
w = xi = when z = 0. Then ai = 0^2 = 0. Also i>{l) = ptrp^- means w = xi = ■ ■ ■ = Xn = ^ 
when z = 1, which implies 60 = . . . = 6n = ^. Thus the moduli space in the RHS is empty 
when i j, and is a singleton when i = j. This verifies that the LHS matches with the RHS. 

Now consider the case a 7^ 0. Let be a stable disc bounded by in the LHS of (5.2). 



We associate with a stable disc bounded by in the RHS of ( |5.2[ ) as follows. By Lemma 
2.3, is a holomorphic disc in class Pj attached with a rational curve in class a at an interior 
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nodal point. Let us identify the domain disc component with the closed unit disc A C C, 
denote the domain of the rational curve by C, and denote 0a := 0|a, 0c := 0|c- The nodal 
point corresponds to a point G C and a point in A. By using automorphism of A we 
may assume this point to be and p°'^^ = 1. Then 0a(O) = 0c(p'^°'^)- Under the chosen local 
coordinates we have 

0A(.) = (e^^^f^,e^^^...,e^^") 
1 + a^z 

for some & A, 6i E for I = 1, ... ,n. 

Since 0c has Chern number zero, 0(C) C [JiDi, and in particular 0a(O) = 0c(p"°'^) G 
IJ; Di. But 0A does not hit any toric divisors except Dj. Thus 0a(O) G Dj, and G A is the 
only point which is mapped to IJ; -D/ under 0a. This forces ao = in the above expression 
of 0A. Moreover 0a maps z = 1 to pt^x = (1, . . . , 1), and this forces 6^1 = ^2 — • • • — — 0. 
As a result, 0a = (2, 1, ... , 1). 

On the other hand 0(p™') G -Dj. Suppose p^^^ lies on the disc component. Since p™* has 
to be different from the nodal point, p'"^* 7^ 0. But then 0a (p™*) ^ [JiDi, and so p^'^* is not 
mapped to Di, a contradiction. Thus p™* has to be located in the rational curve C. 

We associate to an element 0^ in the RHS which has the same domain and marked points 
pbdy^pint ^ domaiu is A attached with C aX z = 0). 0^ |a is defined to be (0a(2;), z) 
written in terms of the above chosen local coordinates {Xi^) of E~ , and 0^ |c := (0c, 0). 
Notice that 0-^"|a(O) = (0a(O),O) = (0c(p''°'*), 0) = 0-^" |c(p"°'^), and so 0-^" is well-defined. 
Moreover since 0c(p'''*) G A, (p^' {p'''^) = (0c(p'°*),O) G Df~. Also 0-^" (/<^y) = (0a(1),1) = 
ptrj^E- ■ This verifies that (p^ is an element in the RHS. 



Now we prove that every element in the RHS of (5.2) comes from an element from the LHS 
of (5.2) in the way described above. By Lemma 5.4, a stable disc (j)^ in bo + bj + a must 
be a holomorphic disc representing 60 + bj attached with a rational curve of Chern number 
zero representing a. As above, the domain disc component is identified with the unit disc 
A C C, and the domain rational curve is denoted by C. The nodal point corresponds to a 
point p^°'^ G C and a point in A. By using automorphism of A we may assume this point to 
be and p^'^^ = 1. Then 0^ (0) = 0^ {p'^"'^). Using Cho-Oh's classification of holomorphic 
discs [lU], in the chosen local coordinates {w, x), 0a is of the form 

w o 0r (.) = e^^o-^, X o 0r (z) = {e^'^p^,e^'\ . . . , e^^"). 
1 + aoz 1 — aiz 

Suppose p™* lies in the disc component. Then 0^ (p™*) G Df . This happens only when 
i = j, ao = «i = 0. In such case 0^ hits the union of toric divisors of E~ only at one 
point z = p™*. Now 0^ represents the fiber class a with ci(a) = 0, and so by Lemma 



5.2 



0^ (C) C Ulii 2);. In particular 0f (0) = 0g (p'^"^) G (JlHi 2)/. This forces p^^ to coincide 
with the nodal point, a contradiction. Thus p™* must lie in the rational curve C. 

The image of 0^ lies in a fiber of — )■ P^. But since 0^ (p''^*) G -Df which lies in 
2)o (the fiber at zero), this forces 0f to lie in Dq. Then 0f is of the form (0,0^) in the 
local coordinates {w, x)- Together with 0-^ (C) C IJJ^i ^^is means 0^ (C) C (Jz^i ■ 
Then 0^ (0) = 0f (p'^°'^) G ljr=i ' which happens only when ao = ai = 0. Moreover 
0f (1) = (!,...,!), and so 6*0 = . . . = ^^„, = 1. Thus 0f = {z, 4>a{z)) in the local coordinates 
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{w, x), where 4>a{z) = {z,l, . . . ,1). Thus (p^ comes from the stable disc in X, which is a 
union of 0a and (pc- 

(C) Kuranishi Structures. Now we compare the Kuranishi structures on the both sides of 



(5.2). Let us have a brief reasoning on why they should have the same Kuranishi structures. 
On both sides the disc components are regular, and so the obstructions merely come from the 
rational curve components in class a. For the curve component of 0^ , since it is free to move 
from fiber to fiber of E~ — )■ P^, the obstruction comes from the directions along X, and this is 
identical with the corresponding curve component of 0. Now consider the deformations. Due 
to the boundary point condition, the disc components on both sides cannot be deformed. For 
the curve component of 0^ , the interior point condition that it has to pass through kills 
the deformations in the direction transverse to fibers. Thus 0^ has the same deformations 
as 0. Thus the corresponding stable discs on both sides have the same deformations and 
obstructions, and hence the moduli have the same Kuranishi structures. In what follows, we 
write down and equate the deformations and obstructions on both sides. 

A Kuranishi structure on Jli1\{l3j + a; D; pt^x) assigns a Kuranishi chart 

(Kip; £op5 Top; V'op; ■Sop) 

around each G A^i'i(/3j + «; D; ptrpx) which is constructed as follows. Let 

D^d : Vri'P(Dom(0),0*(rX),T) ^ (Dom(0), M*(rX) ® A^'^) 
be the linearized Cauchy-Riemann operator at 0. (Here Dom(0) is the domain of 0.) 

(1) Fop is the automorphism group of 0, that is, the group of all elements 

g G Aut(Dom(0),p^'^*,/'^y) 
such that (f) o g = (p. By stability of 0, Fop is a finite group. (Note that by definition, 

(2) The so-called obstruction space £~p is the cokernel of the linearized Cauchy-Riemann 
operator D^d, which is finite dimensional since D^pd is Fredholm. For the purpose of 
the next step of construction, it is identified (in a non-canonical way) with a subspace 
of IV°'P(Dom(0), 0*(TX) ® AO'i) as follows. Denote by A and Si, . . . , Si the disc and 
sphere components of Dom(0) respectively. Take non-empty open subsets Wq C A 
and Wi C Si for i = 1, . . . ,1. Then by unique continuation theorem there exists finite 
dimensional subspaces E,~ C C^{Wi, (p*{TX) ® A°'^) such that 



lm{D^d) © £-p = l^°'*'(Dom(0), 0*(TX) ® A°'^) 
and £~p is invariant under Fop, where 

^op := £o ©•••©£; • 

(3) Vop is taken to be (a neighborhood of of) the space of first order deformations $ 
of which satisfies the linearized Cauchy-Riemann equation modulo elements in £op, 
that is, 

{D^d) ■ $ = mod £-p. 
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Such deformations may come from deformations of the map or deformations of com- 
plex structures of the domain. More precisely, 

where V^'^^ is defined in the following way. Let V^^ ^^^^ be the kernel of the linear map 

[D^d] : iyi'^(Dom(0),0*(TX),T) ^ iy°'P(Dom(0), 0*(TX) ® A°'i)/£-p. 

Notice that Aut(Dom(0),p™*,p*''^y) may not be finite since the domain of (p may not 
be stable, and it acts on V^'pmap- Thus its Lie algebra q is contained in V^^^^^, and 
we take I^^p C Kp,map such'that K'p.map = Kp^^ © S- 

y-dom jg ^ neighborhood of zero in the space of deformations of the domain rational 
curve C. Such deformations consists of two types: one is deformations of each stable 
component (in this genus zero case, it means movements of special points in each 
component), and another one is smoothing of nodes between components. That is, 

T ^dom T Acpnt t Asmth 

^op ""^op ''^op 

where V^'^p is a neighborhood of zero in the space of deformations of components of 
C, and V^^^^ is a neighborhood of zero in the space of smoothing of the nodes (each 
node contributes to a one-dimensional family of smoothings). Each deformation in 
pMom gjygg A U C, where A is a disc with one boundary marked point, and C is a 
rational curve with one interior marked point, such that A and C intersect at a nodal 
point. A U C serves as the domain of the deformed map $. 

(4) Sop : Vop — )■ £~p is a transversal Fop-equivariant perturbed zero-section of the trivial 
bundle £~p x Vop over Vop. By [Hj, this can be chosen to be T-equivariant. 

(5) There exists a continuous family of smooth maps : (D, dT)) — > (X, T) over V^p 3 ^ 
such that it solves the inhomogeneous Cauchy-Riemann equation: dp^ = Sop($). Set 

Vop := {$ G Kp : evo(p^'') = ptx^; ev+(p°P) G D} 

where cvq is the evaluation map at p^'^^. Then set Sop '■= ^oplvop- 

(6) ipop is a map from s~p^(0)/rop onto a neighborhood of [0] G Ai°\{f3j + a; D; ptr^x). 

Now comes the key: in Item (2) of the above construction, since the disc component of 
is unobstructed (that is, the linearlized Cauchy-Riemann operator localized to the disc 
component is surjective), £q = so that £~p is of the form 

£qp = © © ... © £^ . 

The analogous statement is also true for the corresponding stable disc 0^ G J^1\(bQ + bj + 
a; ; ptr^E- ). With this observation, we argue in the following that (Kp, £op) Top, ipop, Sop) 
can be identified as a Kuranishi chart (V^^, £~p'^, L^, -0^, s^) around the corresponding stable 
disc (j)^' bounded by T^" C . 

(1) (p and (p^ have the same automorphism group, that is. Fop = F^. This is because the 
disc component have only one boundary marked point and one interior nodal point 
and thus has no automorphism, and any automorphism on the rational-curve part of 
will give an automorphism on the rational-curve part of 0^ , and vice versa. 
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(2) The disc component of 0^ is unobstructed. For the rational curve component C 
which is mapped into Dq — X, notice that there is a sphtting TE\'j)^ = T(!Do) © NDq 
and so W^'P{C, ® ^°'^) is equal to 



0,1^ 



where the first summand is equal to W^'P{C, {(j))*TX © A°'^). 

Since the curve component is free to move in the direction of the normal bundle 
NVo, we have 



Hence 

lm{D^E-d) © (0 © er © . . . © 6r) = Vr°'^'(Dom(0^"), (0^")*(TX) © AO'^). 

Thus we may take 8.~^^ = © © . . . © £;~. 

(3) Pq,E'^ defined in the same way as above. The subspace V' of those 

deformations $^ G V^^ such that the image of the curve component under p^j^-^ 

lies in Dq is isomorphic to Vop, and restrictions of sfp and P^e-^ to V^' gives choices 
of Sop and p°^ respectively. Moreover, 

lies in Vop. Thus V^p = Vop, and := = Sop. Then ^/^op can be identified as a 

map ijj^p which maps (■s^)~^(0)/r^ onto a neighborhood of [0^ ] G A^i|i(&o + + 
; ptrpB- ). 



a;D^ ;pt 



In conclusion, a Kuranishi neighborhood of can be identified with a Kuranishi neighborhood 
of 0^ . Thus the Kuranishi structures on A^°'\(/3; Z); ptrpx) and that on J^1\{bo + bj + 
a; ; ptr^B- ) are identical. This completes the proof of the proposition. □ 

5.2. Second step. Now we come to the second main step, which is the following theorem: 
Theorem 5.6. Assume the notations as in Theorem ] 5. 1[ Then 

.E- IV , u I nS-.r„.i \_IT^E- \E- 



By Equation (5.1 ) 



nf~{hQ+hj+a-D''~- [pt]^^-) = [7W°P(6o+&,+a;I^''";pV-)]virt G x {pt^^- }, Q) = i 

and 

(D^-, [pt]^-)o^2V+. = [-MS2,.-+J^''";Pt)]virt G i/°(pt,Q) = Q 

where A^o!2,bo+f),+a(^^ 5 P^) ^'^^ fit)er product A^o!2,feo+6j+a Xi?-xi?- (^^" x pt) for any 
chosen point pt G . In order to prove the equality between open and closed invariants in 



Theorem 5.6, it suffices to show an isomorphism between the Kuranishi structures stated as 
follows: 
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Proposition 5.7. Fix a point pt G C E . Then 

(5.3) MZibo + h + «) Xi.-xT-- {Df- X {pt}) - Mg2,.-+a ^E-.E- {Df- X {pt}). 
as Kuranishi spaces. 



The proof is very similar to that of Proposition |5.5[ We first prove that the two sides are 
equal as sets, and then compare the Kuranishi charts and show that they can be chosen to 
be the same. First, let us consider the case a = and i ^ j, in which the invariants become 
zero: 



Proof of Proposition 5/l_ when a = and i ^ j ■ We have seen in the proof of Proposition 5.5 
that the LHS of (5.3) is an empty set when a = and i ^ j. 

For the right hand side, the only possibility for a rational curve in a~ to pass through 
Df and pt is that it degenerates to the union of a curve representing aQ and a fiber curve. 
Such a curve is unique since pt fixes the location of the fiber curve, and by connectedness 
the location of the curve in is fixed. Thus the moduli is a singleton. This moduli has 
a non-trivial obstruction bundle, which is the negative normal bundle of the curve in a^. 
Thus as a Kuranishi space the moduli is equivalent to an empty set. In this case nf^ (6o + 
h,- Df-- [pt]^.-) = {Df-, [pt]i.-)J-.- =0. ' □ 



Proof of Proposition 5. 1 when a ^ Q or i = j . First we construct a bijection between the two 



sides of (5.3). 

For a stable disc in A^°^]^(6o + &j + a) ^e-xt^- i^f ^ {P^}); we denote the domain interior 
marked point by p™* and the domain boundary marked point by p^'^'^. For a rational curve 
in M.Q2 a-+a X E-xE- {Df X {pt}), we denote by po the marked point mapped to Df , and 
Pi the marked point mapped to pt. 

By relabeling {Di}^^ if necessary, we assume j = 1. Let us fix a local toric chart x = 
{Xi, . . ■ ,Xn) of X which covers the open orbit of Di C X, and such that Xi\di = (by 
relabeling {Di}]^^ if necessary). Correspondingly we have the local chart {x, w) of E~ around 
the fiber w = G P^. Without loss of generality we take to be the fiber \xi\ = \w\ = 1 
for all I, and pt G T-^ to be Xi{v^) = 'uj{pt) = 1 for all /. 



Consider the case a = and i = j. We have seen in the proof of Proposition 5.5 that the 



LHS of (5.3 ) is a singleton when i = j. When i = j, it is the disc w = 2;, x = (-z, 1, • • • , 1) on 
A3 z. 



On the RHS of (5.3), the elements are holomorphic spheres p : ^ E representing a 
passing through pt and Df . Since a~ ■ Doo = 1, there is a unique point poo G with 
p{Poo) £ I'oo- By composing with an automorphism of P^, we may assume po = 0, pi = 1 
and Poo = 00. Consider xi ° P, w o p : ^ ior I = 1, . . . , n. Since a~ ■ Vi = except when 
/ = 0, j, 00, xi° P are constants for / = 2, . . . , n. Thus xi ° P = Xi ° p{Pi) = 1 for / = 2, . . . , n. 
Moreover xi ° p{z) and w o p{z) have only one zero at and one pole at 00, and so they are 
equal to cz for some c G C. But p{pi) = pt implies Xi ° p{Pi) = 1; and this forces c = 1. 
Thus p is {w,x) = {^: (-2^5 1; • • • ) !))• This proves that the moduli in the RHS consists of a 



singleton. Thus there is a bijection between the LHS and RHS of (5.3). 
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Now consider the case a 7^ 0. Let (p^ be a stable disc in the LHS. From the proof of 



Proposition 5.5 , (p^ is a holomorphic disc representing 60 + bj attached with a rational curve 



'op 



C representing a at exactly one nodal point, where the interior marked point p is located 
in C, and the map 0^ |a on the disc component A 9 z is given by {w, x) = (2:, (-2, 1, • • • , !))• 
Such a map from A to E~ analytically extends to a map 0ci,pi : E", where 00 G 

is mapped to w = 00 and x/ = 1 for / = 2, . . . , n, which is the point pt G Doo- Then 0ci,pi 
attached with the same rational curve C, with marked points po = p™* in the rational curve 
and pi = 00 E Dom((^ci,pi)5 element in the moduli on the RHS. This gives a map from 



the LHS to the RHS of (5.3) 



Now we show that this map is invertible. An element in the RHS is a union of a holomorphic 
sphere ppi : P^ — )■ E~ representing and a rational curve pc '■ C E^ representing a. The 
requirement that it passes through forces the image of pc to lie in |J)=i(^o H 2^0- Then 
by connectedness of the rational curve, ppi has to pass through lJl^i(^o H and pt. By 
the above argument, (w, x) ° Pw^i^) = {z, (2, 1, ... , 1)) where ppi(O) is the nodal point. Then 
by restricting p^i to A C P^, we obtain a stable disc in the LHS. This gives the inverse of the 
above map. 

The comparison of Kuranishi structures is very much similar to the proof of Proposition 
15.51 and thus omitted. □ 

6. Computing closed invariants by Seidel representations 



In this section we prove Theorems |1.2[ |1.3[ |1.5| as promised in the introduction. 

6.1. Calculations. We have equated the open Gromov-Witten invariants appearing in the 
disc potential of X with certain two-point closed Gromov-Witten invariants in the Seidel 
spaces E~ associated to X. Naively one would like to compute the closed invariants by using 



the toric mirror theorem ^TEi [27] (see Theorem 3.4). Indeed if one pretends tha t th e infinity 

6.5 from the 



section class G Hf^{E~) is not there, it is not difficult to deduce Theorem 
toric mirror theorem. However, in general, since the infinity section class G H^{E~) may 
have cilcx^) < 0, Ej is not semi-Fano. This is because the C*-action induced by —vj can have 
a fixed locus whose normal bundle has total weights less than —2. In such circumstances, 
the mirror theorem involves Birkhoff factorization and generalized mirror transform, which in 
practice would be rather difficult (if not impossible) to use to compute the closed invariants. 

On the other hand, the Seidel space Ej associated to Vj is always semi-Fano [203 because 
every fixed locus has total weights not less than —2 (the fixed locus Dj has total weight — 1, 
and the other one has positive weights). Thus the mirror theorem for Ej does not involve 
Birkhoff factorization and is much easier to handle. In particular, the normalized Seidel 
element 5*° corresponding to Ej was computed by Gonzalez-Iritani |2U] and can be explicitly 
expressed in terms of the Batyrev elements: 

Proposition 6.1 ([20]). 

S,(g(g)) = exp(<7,(g(g)))S;(g). 
By [30], the two-point closed Gromov-Witten invariants in question are encoded in the 



Seidel elements Sj (see Proposition 6.2). Together with the equality Sj * = q 



3 "^j 
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(Corollary 4.5) coming from the Seidel representations, this gives a computation of the closed 
Gromov-Witten invariants that we need. 

Proposition 6.2 (p^, see also Definition 2.5 of [3T]). 

k d&Hf'^iEJ) 

where : X '-^ E~ is the inclusion as a fiber, {^^} is an additive basis of H*{X) and 
{^k} C H*{X) is its Poincare dual basis. 

Proposition 6.3. As elements in QH*{X), we have 

D, = B, + Y,{D^-gi{q{q)))Bi. 



Proof. Recall that 



wf" = Y,^M9im)))Zi. 



1=1 



Thus under the isomorphism QH*{X) = Jac{W^^) in Theorem 3.6, Di is mapped to 

m 

^iSii + A • 9i{q{q))) exp{gi{q{q)))Zi 



1=1 



exp(^i(g(g)))Zi + ^^(A ■ 9i{q{q))) exp{gi{q{q)))Zi. 



1=1 



By Proposition 3.15, Bi is mapped to exp{gi{q{q)))Zi under the isomorphism. Hence the 
element 



B, + J2iDi ■ gi{q{q)))Bi e QH*{X) 



1=1 



has the same image as Di under the isomorphism, and thus we can conclude that 

Di = B, + Y,iD^■gl{q{q)))Bl. 
I 

Then for all j = 1, . . . , m, we have 

=S, * (Sr * Di) 
(6.1) ^ y J ^) 

=g"^ exp{-gj{q{q)))Bj * ^ ^ g'^(i*A, ^*'^'fc)o,2,d'^^- 

k d&Hf'iE-) 



□ 



By Proposition |6.3[ the left hand side of the above equation is equal to 

cf^+^JB, + cf^^^J Y.^b, ■ gi{q{q)))Bi. 
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Proposition 6.4. {Bi} U {Bi : gi 0} is a linearly independent set in H*{X,Q). 

Proof. It can be seen from the fan polytope of X [20]. Since X is semi-Fano, the generators 
vi of rays lie on the boundary of the fan polytope, and those vi with gi ^ are not the 
vertices of the fan polytope. Since number of vertices is at least n + 1, the number of f;'s with 
gi is no more than m — n — 1. Moreover the only relations among the i?;'s (regarded as 
elements in a vector space) are the linear relations, and all of them involve elements outside 
{Bi : gi 7^ 0}. Thus {Bi '■ gi ^ 0} is linearly independent. Every linear relation involves 
more than two vertices, and hence there is no linear relation involving only Bi and Bi^s with 

gi 7^0. □ 

Now we are ready to prove the following main theorem (which is the same as Theorem 



1.1): 



Theorem 6.5. For all j = 1, . . . , m, 



Proof. Both sides are equal to 1 when gj =0. So we suppose that gj 0. 

Since {Bi} U {Bi : gi ^ 0} is a linearly independent set {Bi may coincide with Bi for some / 
though), we may extend it to a basis {^j/*^} of H*{X). The action of Bj = exp gj{q{q))q~'^^ Sj 
by quantum multiplication on QH*{X) is invertible, and so = Bj^^"^^} is also a basis 
of H*(X). The elements corresponding to {Bi : gi ^ or I = i} are 1 and Bj^Bi for / ^ j. 
Taking the dual basis of {$'^}, the dual partner of •l'^ = 1 is of the form $o = [pt] + a, where 
a G H^^"-\X). 

Then 

= /(^*A,^*([pt] + a))J^2,d^, + ^ Y /(^*A,^*$fc)^2,d*^ 

Comparing the coefficients of Bj on both sides of (16. 11), we have 



q"^ exp{gj{q{q))){6ij + Di ■ gj{q{q))) = Y L*{[pt] + a))^'2,d- 

d(£H^'='^{E-) 

Notice that the Novikov variable appearing in each term of the left hand side is g'^j for 
some a G H2^~^(X). Thus on the right hand side, 

{i^Di, i*[pt])o;2,d + (i*A, ^*a)o,2,d ^ 

only when d = aj + a for some a G H2^~^{X). Since dega < 2n — 2, {i^^Di, ''*'^)o2 ~+a ~ ^ 
by dimension reasons. 
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In conclusion, we have 



by applying Theorem |5.1 
This implies that 



A(g^^ exp((7,(g(g)))) = ^ ^^'^'^^iM + A; [pt]x) 



aeHl^-\x) 



for all i, where the last equality follows from the divisor equation. 



□ 



6.2. Corollaries. We now describes some consequences of Theorem 6.5 



Corollary 6.6 (=Theorem 1.3). The coefficients of the disc potential W of a compact 
semi-Fano toric manifold X are convergent power series in the Kdhler parameters q. 



Proof. This follows from Theorem 6.5 and the easy fact that the series Qj and the inverse 
mirror map q{q) are convergent. □ 

Corollary 6.7. The inverse mirror map q{q) of a compact semi-Fano toric manifold X is 
written in terms of the generating functions 6i of open Gromov- Witten invariants as 



qk{q) = qk\[{l + 5M)f''^'^''^=qk[ 
1=1 



p=l 



Proof. By (3.2), we have 

m 



1=1 



and thus the equality follows from Theorem 6.5 Moreover, \E'fc = /Sn+fc — Ylp=i (^n+fc , t'p) 
and so {Dp , ^fc) = - {vn+k , i^p) ioi p = 1, . . . ,n and (-Dn+r , ^fc) = 5rfc for r = 1, . . . , m - 
n. □ 



The following Corollary is the same as Theorem 1.2 



Corollary 6.8. For every semi-Fano toric manifold, we have 



H^LF _ ^HV 

q q{g) 



where W^^ is the Hori-Vafa superpotential in a suitable coordinates (see Equation (3.4)j. 
Proof. This follows from [?', Theorem 5.3]. 



□ 
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Remark 6.9. In fact the proof of [7j Theorem 5.3] shows that the statements in Corollaries 
6. 7 and 6j8_ and that of Theorem 6.5\ are all equivalent to each other. 



Finally we have 

Corollary 6.10 (=Theorem 1.5). Let X be a compact semi-Fano toric manifold. Then the 



isomorphism (1.5) maps each normalized Seidel element G QH*{X,ujq) to the generator 
Zi (I = l,...,m) of the Jacobian ring Jac(lF^^), where Zi are the monomials defined by 



Equation (2.2). 



Proof By Corollary 6.8, since W^^ and W^"^ are equal, QH*{X, Uq) 3ac{Wg^) is the same 

each Batyrev element Bi is mapped to 



3.15 



as QH*{X,Uq) 4 Jac(iy|J). By Proposition 
{expgi)Zi for / = 1,. . . ,m. Since Bi = {expgi)Si by Proposition 6.1, it follows that Si is 
mapped to Zi for I = 1, . . . ,m. □ 



Remark 6.11. On the other hand, if the isomorphism p.g j maps to Zi for I = 1, . . . ,m, 

then the elements Bi G QH*{X,ujq) defined by Bi := (1 + Si)Si satisfy the conditions (i), 
(a) and (Hi) o/ pHl Theorem 1.2], which states that these conditions completely characterize 



the Batyrev elements. So we have Bi = Bi in QH*{X,uiq). Theorem 6.5 then follows from 



Proposition \6 . 1 Hence Corollary 6.10 is in fact also equivalent to Theorem 6.5[ 



We conjecture that Corollary 6.10 holds true for any compact toric manifold: 



Conjecture 6.12 . Let X be a compact toric manifold, not necessarily semi-Fano. Then the 
isomorphism (1.3) maps the normalized Seidel elements Si G QH*{X,Uq) to the generator^ 



Zi of the Jacobian ring Jac(VFr ), where Zi are monomials defined by Equation (2.2) 



Example 6.13. Consider the semi-Fano toric surface X whose moment map image is shown 



Figure The disc potential Wq^ and generating functions 6i of X were computed in 
[5]. The key result is = 1 if (i is an admissible disc class, and ni{/3) = otherwise. 

Admissibility is a combinatoric condition which is easy to check, and the readers are referred 
to ^ for the detailed definition and results. 




Figure 3. An example of semi-Fano toric surface, which was denoted as Xg 
in Appendix A of [5]. 



In general is a Laurent series over the Novikov ring in contrast to Definition 2.4 for semi-Fano case. 

Nevertheless we can still define the monomials Zi by Equation (2.2 1. 
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The generating functions corresponding to Di, D2, are 

= 9i + (I1Q2 + qiq2q3, 

S2iq) = q2 + gi<?2 + q2q3 + qiq2qz + qiqhz, 
h{q) = 93 + g2g3 + qiq2q?, 

respectively, where qi's are the Kdhler parameters of Di's for i = 1,2,3. Each term in the 
above generation functions corresponds to an admissible disc class. 

On the other hand, the mirror map is given by 

qi = giexp (2^i(gi, g2, ^3) - ^2(gi,g2,g3)); 

q2 = g2exp ( -^i(gi,g2,g3) + 2^2(gi,g2,g3) - ^3(51, 92, 53)); 

qs = gs exp ( - 5(2(^1, g2, gs) + 25-3(91, ^2, ^3)) 



where 



9i{quq2,qs) = ^ _ _^ ^y_^^ _ ^^y^ 

{a,b,c) ^ ' / \ ) 



92{q\A2A-i) = ^1^2^3 



_^)2b-a-c(^26-a-c - 1)! 



alcUb - 2a)\(b - 2c)\ 

(a,b,c) ^ ^ ^ ' 

93{qi,q2,q3) = 2^ g^^s: 



, ^ akUa - 2b + c)\(b - 2a)\ 

(a,b,c) 

where the summations are over all (a, b, c) G such that the term before each factorial sign 
is non-negative. By Theorem 6.5, we have 1 + 5i{q{q)) = expgi{q) for i = 1,2,3. This 
produces non-trivial identities between hypergeometric series, and hence a closed formula for 
the inverse mirror map q{q): 



. _ 1 + g2 + gig2 + 9293 + qiq2q3 + qiqh^ 

(l + gi + gig2 + 91^293)^ ' 

, _ _ (1 + gi + gig2 + gig2g3)(i + ^3 + ^2^3 + qiq2q3) 

^ ^ (1 + g2 + qiq2 + ^2^3 + qiq2q3 + qiqlq3Y 

. _ 1 + 92 + qiq2 + g2g3 + qiq2q3 + qiqlq3 
^3 — Q'3 ■ f^. \ \ ^ • 

(1 + ga + 9253 + qiq2q3r 
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